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The velocity field within a vortex ring with
a large elliptical cross-section
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The velocity field within a steady toroidal vortex is found for arbitrary mean core
radius and section ellipticity. The problem is solved by transforming to coordinates
that define invariant sets. The method allows the properties of the coordinate system
metric tensor to be exploited in the continuity equation in order to obtain the solution.
The vorticity is found to decrease monotonically with distance from the symmetry
axis. For a given outer radius and outer perimeter velocity, the circulation of the
vortex ring can be either smaller or larger than that of Hill’s spherical vortex.

1. Introduction

The toroidal vortex can be useful in studying a variety of problems in science
and engineering, such as axisymmetric wakes, jets, and electromagnetic phenomena.
Analytical solutions for vortex rings have invariably involved Bessel functions and
asymptotic expansions (see e.g. Fukumoto & Moffatt 2000) in order to describe the
velocity distribution. These types of solutions are restricted to rings of small cross-
section, which limit the types of studies that can be made of the vortex core itself. In
the present work, an explicit algebraic expression is found for the velocity field within
the core of a vortex ring with a large elliptical cross-section.

One of the first solutions found for axisymmetric vortex regions was the spherical
vortex of Hill (1894). There are several accounts of this solution (Lamb 1932; Milne-
Thomson 1968; Panton 1984; Saffman 1992). Extensions of Hill’s spherical vortex
were found by O’Brien (1961), by allowing the sphere to distort into an ellipsoid.
A distinctive feature of Hill’s spherical vortex is the bounded velocity on the axis
of symmetry. Another axisymmetric vortex structure is the vortex ring (see Kelvin
1869; Maxwell 1891; Lamb 1932), in which the entire field is irrotational except for a
ring-shaped rotational core whose diameter is small relative to its distance from the
axis of symmetry. This small, ring-shaped core is assumed to have constant vorticity.
Lichtenstein (1925) studied a vortex ring of finite cross-section and uniform vorticity.
He found that for small cross-section, the shape of the section approximates an
ellipse, with the minor axis parallel to the axis of symmetry. The existence of steady
vortex rings in an inviscid fluid has been proved by Fraenkel (1970) and Maruhn
(1957). Examples of such vortex rings of small cross-section are given by Fraenkel
(1972) using expansions in powers and logarithms of a small cross-section parameter.
Saffman (1970) derived a formula for the propagation velocity of a vortex ring
(circular to leading order) in an ideal fluid with an arbitrary distribution of vorticity
in the core. Norbury (1972) determined a function describing the core boundary
of a family of vortex rings for a prescribed vorticity distribution and velocity of
propagation by writing the formal solution as an integral equation and solving the
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FIGURE 1. Spherical coordinate system used for Hill’s spherical vortex.

problem numerically. Norbury (1973) introduced a parameter, «, termed the ‘non-
dimensional mean core radius’ which varies in the range 0 < o < \/5 It can represent a
family of vortices that include vortex rings of small cross-section, where o« — 0, as well
as Hill’s spherical vortex, where o = \/§ Hill’s spherical vortex was considered to be a
limiting case of a family of vortex rings that are possible with a vorticity distribution
given by w(3)/R, where w(3) is equal to the physical component of vorticity in the
direction circling the symmetry axis. This ratio, which was taken as constant, has
been referred to as a ‘vorticity constant’ (Norbury 1973) as well as a ‘vorticity density’
(Mohseni & Gharib 1998; Mohseni 2001). Hunt & Eames (2002) stated that during
axisymmetric stretching in a straining flow the quantity w(3)/R is conserved and that
it is proportional to the circulation around a vortex element. What is seldom, if ever,
mentioned, however, is that this constant is actually the contravariant component of
the vorticity tensor, @, referenced to a spherical coordinate system defined by

x = x! = %sin(#?) cos(#?),

y = x? = ¥l sin(¥?) sin(F),

z=x>=x'cos(¥?).

Here, ' = \/x2 + y2 + 22, 3> =0, and ¥*=¢. A diagram of the coordinate system is
shown in figure 1. The metric tensor, g;;, relating the spherical coordinate system to
a rectangular system is given by

1 0 0

g =0 &) 0

0 0 (FH)sin(®?)
To see that the vorticity tensor is uniform, we express the vorticity definition in the
spherical coordinate system as

Here, ¢'/* is the permutation symbol and E* the permutation tensor in the spherical
coordinate system. Setting i = 3 and noting the orthogonality of the coordinate system,
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the above definition becomes
1[0 0
~3_ L0 o oy 0
W = \/§|:8)~61(822U ) 3;(2(g11v ):|
Employing the Stokes stream function and the fact that the physical component, §(2),
of velocity in the ¥2-direction is ¥(2) = /1,02 = /g0 = &'5? then gives

L -l 9 1 oy 9 1 oy
= G sin () [z)xl<sin(xz)axl> + W((xl)z sin(xz)afz)]‘

Assuming a uniform vorticity distribution in the ¥3-direction and a product solution
of the form v = F(')sin’(¥?) yields the Cauchy-Euler equation (¥')F”—2F =
— (¥")*®>. This is then solved, and the requirement that velocities remain bounded as
%! — 0 is imposed, giving
R2 (Y — Y
v = 5)3[ o(&) — (") Sin(32).
10

where ¥ =0 when %! = Ry. The physical components of the velocity are then found
to be

o Ly _ S [Ro -G
W= Gyrmm@ee 2 5 E) (1a)
i —1 oy _ S PEV-RY
0= g =g ) (o)

Setting (1) =0, ¥(2) =0 locates the vortex centre at &' = Ro/\/i, P =n/2.

To summarize, in terms of the tensor components of the spherical coordinate
system, Hill’s spherical vortex is a finite three-dimensional region of uniform vorticity,
the vorticity components being @' =0, &> =0, and

& = Sv0 /R, 2)

and the quantity v, being defined as ¥(2) at ¥' = Ry, ¥ =mn/2. The physical com-
ponent, @&(3), of @ is given by

SO =V 30" = /23" = ¥ sin(¥%)i’ = R&", ()

which is the well-known linear dependence.

Therefore, it is only the physical component of vorticity that varies linearly with
distance from the symmetry axis. Hill’s spherical vortex is a sphere of uniform vorticity
and is analogous to the circular or elliptical patch of uniform vorticity in planar flow.

Yarmitskii (1975) outlined an extension of Hill’s solution in which an azimuthal
velocity component ©(3) arises inside the spherical vortex. Berezovskii & Kaplanskii
(1987) obtained a toroidal vorticity distribution in the form of an asymptotic expan-
sion. In their study, the modified Bessel function and the exponential functions
appearing in their expression for the velocity were approximated by polynomials. For
an excellent review of vortex rings, see Shariff & Leonard (1992).

For Hill’s spherical vortex, the velocity at the outer radius of the vortex is equal in
magnitude to the maximum return velocity along the axis of symmetry. For vortex
rings, however, velocities can become much greater at the inner radius than at the
outer radius. While the general shape and propagation speed of vortex rings are
known from the studies mentioned above, detailed geometrical parameters such as «
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%2 = const x?

%! = const

FiGURE 2. Diagram illustrating the construction of the toroidal coordinate system.

and Ro/Rc can vary somewhat depending upon the flow configuration (see e.g. the
experimental works of Gharib, Rambod & Shariff 1998; Southerland et al. 1991;
Didden 1979; Magarvey & MacLatchy 1964; Van Dyke 1982; Ober, Lamb & Kiehne
1995). To date there has been no explicit algebraic expression for the velocity field
within the core of a vortex ring of large elliptical cross-section. The purpose of the
present work is to find such an expression and to give a fairly general formula for
the stream function.

2. Toroidal vortex solution

The general approach will be to introduce a toroidal coordinate system that places
all motion into a single variable from a Lagrangian viewpoint. The coordinate system
will define invariant sets in which the fluid particles must reside. This simplification,
along with properties of the coordinate system metric tensor, allows the continuity
equation to be manipulated into a relatively simple expression for the velocity distribu-
tion. This is then integrated round the perimeter of the vortex in order to extract an
expression for the velocity field from the circulation.

2.1. Coordinate system

The initial step in the solution is to construct a coordinate system in which contours
of two of the coordinates coincide with streamlines of the flow. In this way, time
derivatives of these will vanish, and the time derivative of the remaining coordinate
completely describes the motion of the fluid. For the toroidal vortices that form in
the wake of axisymmetric bodies, the following coordinate system (with coordinates
x'), defined in terms of the components X/ of a cylindrical coordinate system, has the
desired properties:

i =z =x'Acos (%),
%% = R =x'B(sin(¥*) — k) + Rc, (4)
P=¢p=x.

The domain of interest is (0 < X' < xL ) and (0 < %2, ¥* < 2r). This coordinate

definition, shown in figure 2, is similar to that used by Morton (1997) for the planar
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vortex, except for the presence of the constants k and Rc. The constant k allows
the critical point in the vortex core to be shifted relative to the section centroid in a
direction that is normal to the axis of symmetry. (The axis of symmetry lies parallel to
the main flow.) The constant R allows the entire vortex cross-section to be displaced
from the axis of symmetry. The reason for labelling the %/ coordinates as z, R, and ¢
is because the present toroidal coordinate system is described relative to a cylindrical
coordinate system (see figure 2). Contours of ' correspond to streamlines of the flow.
The distance > = R from the torus axis of symmetry to the critical point within the
vortex cross-section is found by setting x' =0. The constant k can be evaluated by
computing X2 on the outer streamline, that is, where ¥! =x! and x¥*>=—m/2. (Note

max
that the points on ¥?> = + /2 lie on a line normal to the axis of symmetry.) This gives

(Re —R;)—b

k:
b

(—l<k<1) (5)

where b=x! B. (This definition preserves the area formula: S=mab). Similar
reasoning for the point (x! ., m/2) yields the relation Ry = R; + 2b. Defining the
constants A and B as A= cosh(g), B = sinh(q) for ¢ > 0, allows the axis ratio of
concentric ellipses to remain constant as x! and x* vary independently. It also ensures
the useful identity

A’ —B*=1. (6)

Note that ¢ — oo corresponds to a circular vortex.

Considering now the coordinates X/ to be components of a cylindrical coordinate
system, the transformation can be made to a Cartesian coordinate system, x*, as
follows:

'= Rcos¢ = &% cos(3?),
2 = Rsing = %?sin (3?), (7)
3 —7z= )ACI

This coordinate definition is also shown graphically in figure 2.
The metric tensor g, relating the toroidal coordinate system to the rectangular
system can be found by equating distance in the two coordinate systems, as follows:

axk 9% axk axr ;
— o, ¥/ dx4
g dx® dx* g Bx’ax/dxapaq = gj, dx’ dx?,
where
3 : .
axk axk '\ 9z’ axr ax' 9x”

8jq = g . i 8
8a <k=1 o afw) o%) 0x9 5" 9% o ®)

and g;, is the familiar metric tensor relating a cylindrical coordinate system to a
rectangular system. In this case, its form is

1 0 O

gi,=10 1 0

0 0 R’
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Computing the partial derivatives in (8), the desired metric tensor g;, becomes

A% cos*(¥%) + B%(sin (¥%) — k)* x'cos(3*)[B*(sin(¥%) —k) — A%sin(%%)] 0
8, = (x1)?[A%sin’ (%) + B? cos?(3%)] 0
R2
Only the upper triangular elements of the symmetric metric tensor are shown. The
Jacobian of the transformation from the toroidal coordinate system to the rectangular
system can be found by computing the appropriate partial derivatives, as follows:
cos(X*)B(sin(¥?) — k) cos(%*)x!Bcos(x?) —x?sin(%?)
= |sin(3*)B(sin(¥?) — k) sin(x*)x'Bcos(x?) x?cos(x?)
A cos(x?) —x'Asin(x?) 0

ox! B oxt axk
ax/  Oxk 9xJ

The Jacobian determinant /g is therefore
Vg = #* %' AB(1 — ksin (¥%)), 9)
and
g = gn(¥'AB) (1 — ksin (¥%))%.
The inverse of the metric tensor is
(82283 — 823832) (813832 — 812833) (212823 — 813822)

g/ = (823831 — 821833) (811833 — 813831) (813821 — 811823)

oQl | =—

(821832 — 82831) (812831 — 8118%) (811822 — 812821)
However, due to the zero elements in g;,, the inverse of the metric tensor simplifies
to

[ 822833

—812833

0

8 8
gl = _ggg'ﬁ §11§33 0 10
1
0 0 -
- 833 ]

2.2. Continuity equation

Having constructed the streamline coordinate system, the velocity field can be found
by applying the continuity equation in the new coordinate system:

¥, =0. (11)

Following the rules for covariant differentiation of the contravariant velocity vector
in the toroidal coordinate system, the incompressible continuity equation is

vt .

a7k + ;v =0, (12)

where I'* ; are the Christoffel symbols of the second kind given by

o Z% (og. 9%, 0%y
rE=8 <—g" + 28 _ ﬁ) . (13)

2\ 9x/ ax axP
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The only non-zero velocity component in the toroidal coordinate system is dx?/dt
(recall that the curves X!, X¥* =const. are streamlines across which no fluid passes).
With this simplification, the continuity equation (12) becomes
8—’72+F‘ 4TI+ T35 =0 (14)
952 21 22 230" = 0.
Substituting (13) into (14) with i =2, and j and k equal within each term, we have
v’ [1 _11 <3§12 0811 35’21) 1_12<3§22 0821 35’21)_ 2

o 128 \Ge T T an ax! | ax2  ox’

1_,, (/0812 0812 08»
+[2g (af2+ax2 axt ) T

(J, k=1)

dx? 9x? dx?

58

1 d0g 0g 0g )

5g22< 822 + 82 822> 52 (j,k=2)
1 02 02 0g )

—1—[—;}33( 832 + 833 gz3> 52 (. k=3).

2 0x3 9x2 ax3

By the symmetry in the two indices of both gV and g;, the continuity equation
simplifies to

9v* | [1_;,(38n 1 9812 1 (082 1 _35/083 )
_— — _ _— — _— — _— V- = 0.
Fr < o ) T8 e ) T8 e ) T8 e ) ”
The indices of g"/ are then lowered using (10) to give
av? o[ 0211 081> 082 g8 (983
O Y g [ 2B ) 288 [ 282) 4gas 22 ) 4 £ (288 )| —o.
952 + 2% _g22833< 952 ) 812833 ( 952 > + 811g33< 952 > + T ( 552 >]

Using the fact that g/g33 =(811822 — g12821), the partial derivatives can be combined
into one, as follows:

00 | 0% 8[(81182 — 812812)833] _ 0

0x2 2% 0x2 '
The quantity in brackets is recognized as the determinant, g; therefore the continuity
equation reduces to

(15)

d[gv*v?]
9x2

=0. (16)
Integrating with respect to x> gives
gvv? = F(x').

In general, the constant of integration, F, may depend on %'. Solving for velocity
gives

72 — f(f_l), o5 =0,
N

Therefore, in the toroidal coordinate system, the velocity along any given streamline
is inversely proportional to the Jacobian determinant. This reciprocal dependence on
the Jacobian also holds for planar elliptical and circular vortices regardless of the
vorticity distribution. At this point, specifics about the coordinate system have not
been introduced. In obtaining (17), the only restrictions employed were that contours
of one of the coordinates coincide with streamlines of the flow and that the velocity
in the streamlined coordinate system is independent of the third coordinate direction.
These two conditions can be restated as follows:

(17)
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(i) The coordinate system must be such that all quantities are independent of one
of the coordinate directions in a subspace V of R? (in our case, ¥’ € V < R?),

(ii) the velocity components in the remaining quotient space M?>=R?3/V are
parametrized by a single coordinate (x> in our case); the other coordinate in M?
(x! in our case) is a constant of the motion.

Computing the vorticity using (17) shows that @', @* =0 in the toroidal coordinate
system. For the remaining coordinate direction, it will be useful to define the average
of the vorticity tensor as follows:

/67)3 d.§3
. (18)

This allows the integral for the circulation to be performed on known geometrical

parameters, as follows:
= /5)3 ds; =@§\/d§3. (19)
Ky K

Note that the denominator of (18) is not the physical area but rather

2n x!
S;x)=58; = /dS3 :/ / Vg dx!'dz. (20)
S 0 0

The physical area is

53) = / Vd57d5; = / /2% 85 dS; = / /75 dSs = %
S S

/2"/ de a2,

The formula for the circulation will be used to obtain an expression for the velocity
field. We begin by writing the area integral:

ijk ~
:/(v x v)-dsz[gﬁvk,jdsi. (1)
S N

3

We raise the index of the velocity tensor in (21) and let i =3 since @’ is the only
non-zero vorticity component. Then, since v? is the only non-zero velocity component
in the toroidal coordinate system we have

2n de 5732
g”” _ @V e g2 (22)
0x2

Note that both terms in the mtegrand are non-zero locally and therefore contribute
to the local vorticity tensor (see (53)). However, the second term integrates to zero
so that the circulation can be calculated by the first term alone. Continuing with the
integration of the first term in (22) gives

2n

2n
r= (820°)]5 dx* — (8220°)]510 d¥°. (23)
0 0

By evaluating g,, at ¥' =0, we find that the far right term of (23) is zero, and we are
left with a single closed line integral along any streamline (in this case the streamline
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corresponding to X!
namely

). This proves Stokes’ theorem for the present coordinate system,

/w-dSva-ds
/@" ds, = fg,,-ﬁ" dx/ (24)
S

where the closed line integral along a curve of constant ! encloses the area S. Since
2 is the only non-zero component in the toroidal coordinate system, i =2 in (24).
The integral of the velocity is performed over the coordinate x* with x! and x° held
constant; therefore, j =2. Applying Stokes’ theorem on any streamline therefore gives

rixh = %(gnvz)ul dx? (25)

max

or in index notation

where % is given by (17). Recall that since the function f in (17) is dependent only
upon i!, it remains constant along any given streamline. This is important because it
allows this unknown function f to be pulled out of the integral in (25), as follows:

rav=rend ()]

Therefore, the integral for the circulation can be performed on known properties of
the coordinate system.

It is at this point that details about the coordinate system metric tensor must be
utilized in (26). Doing so gives

dx>. (26)

(B2 + sin*(x?))
NG

_ f(x ) [ (B2 + sin*(x?)) S

r@)= / GBI — k) + Rl — ksin@)

The integral can be 51mp11ﬁed somewhat by first performing the polynomial division
in the integrand, to give

B . - .
) (7 [/ 1 d'2+/ — asm(x2)+,3. _ d)'cﬂ (27)
0 0

rEh = fEhHe's! dx?,
0

AB? —k sin(x2) + ¢)(1 — k sin(x2))
where
o =a(i) = (% —c), B =p(x) = <32+§>,
and
c=c(x") = _IfB k. (28)

Using partial fractions of the second term in (27), the integral can be simplified still
further:

iy f()fl) ZTEL 2n —O!C-l—ﬂ ,
P = [/0 kd ) (1+kc)(sin(x2)+c)dx
2n
+ et Pk g,

o (14 ke)(1 — ksin(x2))
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Integrating then gives

f(xh -211 <i —ac+ B n o + Bk )
AB? —k " (14+ke)JE—1  (1+ke)JT—k/]

rEh) =

which can be further simplified to

o JED T (L B?+¢? 1/k + Bk )
P ="4p |7 —k+(1+kc)\/ﬂ (1 +ke)J1—k2) ]
or
2
rh =20 b 4 o) (29)
where
P = B? + ¢? Q(x1)=( 1/k — «/1—k2+1/k+sz

(1 +ke)Je2 =1 (1 + ke) /T — k2

Note that Q(x') — —c(x') as the offset k — 0. The circulation, as written in (29), is
a function of only ¥!'. Moreover, it is known from (19) that this dependence is purely
geometrical; that is,

r(x') = @, 5(x"). (30)
Therefore, we use (30) to construct the requlrement that the ratio I'(x!)/S3(x!)
evaluated at, say, the outer streamline (¥'=x., ) be equal to the same quantlty
evaluated along any other streamline. In other words, @3 (x')=a3(x. .) for all X! in
the vortex. We therefore set
@3 (Frmax) _ S35 f (Fma) [P (Finax) + O (Fiax)]

') T S(ha) /@) PG O] (1)

The function f (xmax) corresponding to the outermost streamline will be eliminated
by expressing it in terms of the physical velocity, vy, at the point on the perimeter of
the toroidal vortex farthest from the axis of symmetry, which is taken as known. This
is done by first finding the expression for the magnitude of the velocity, as follows:

max

v|> = g;0'v,
| = /80?,

o] = x'\/B2 + sin’(¥%)V". (32)

Substituting (17) into (32) and evaluating at the point (x!, %) = (!

max\/Bz+ f( max)
g( mdx’n/z)

where vy is the velocity at the outer perimeter point and, from (9),

m/2) gives

max?

Vo =

(¥l T/2) = RoXh AB(1 — k).

Therefore,

f (Tmax)

RoB(1—k) (33)

Vo =
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Here, the useful identity in (6) has been used. Solving (31) for f(x') and using (33)
to eliminate f(x! ) from the result gives

=1y _ 5'3()?1) [P(xr]na)c) + Q(igna)c)]
f(x )_UOROB(1 k)S.3(x11naX> [P()fl)—i-Q(fl)]

=1 3 P —1' —1'
=UOROB(1—k)<_’1‘ > C;X[ E;?xl))ig((;r;])] (34)

where the relation S3 = tAB*(x')’c obtained from (20) has been used to eliminate
S3(x'). The simplest way to determine the average of the vorticity tensor is to write
(29) and (30) for x., rather than X!, eliminate I"(x¥L ) from the two equations, and

solve for @7. Equation (33) is then substituted into the result, to give

8voRo(Ro — Re)[P(¥La) + O (¥hax) ]
a®B*(Ry — R37) '
Here, the fact that (1 —k)/cmax = 2(Ro — Rc)/(Ro + R;) ((28) and (5)) has been used.
As indicated by (35), the average of the vorticity tensor is uniform, being independent
of x!, 2, and 7.
An expression for the velocity in the toroidal coordinates can be obtained by
substituting (34) into (17). The result is

52— 2voRpBc < x! >3 (Ro — R¢) [P (irlnax) + Q()Ellnax)]
N Xha) (Ro+R;)  [P(EY)+ Q(xY)
This solution can be verified by substituting (35) and (36) into (24).

max

(35)

~3
wy =

(36)

2.3. Rectangular coordinates
The velocity distribution can be transformed to a rectangular coordinate system by
means of the transformation v’ = (dx'/0x/)v/, which gives

cos(x*)x! B cos(x?)
v\ = |sin(3%)x' B cos(x?) | v°. (37)
—x'Asin(x?)
The velocity field can be viewed on any plane through the axis of symmetry. For
example, on the plane made by, say, * = 1t/2, we have
0
vi = | x'Bcos(x?) | 7. (38)

—x'Asin(x?)

2.4. The stream function

The purpose of the stream function is to map two independent variables into a single
dependent variable, . In the present work, this is accomplished with the variable v?,
whose connection with the stream function will now be explained.

The stream function is found by choosing the function so that the continuity
equation is satisfied identically due to a cancellation of identical terms. The stream
function for two-dimensional flow has been found to be related to components of the
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velocity tensor by
JP 9
W wp=12 (39)
J8 dx?P
where _/g is the Jacobian of the pertinent coordinate system relative to a Cartesian
system, and J** is the symplectic matrix given by:

0 1
utﬁ:
J {_1 0]

Equation (39) holds for stream functions in rectangular, cylindrical, and spherical
coordinate systems, as well as the toroidal coordinate system studied here. In spherical
coordinates for example, (39) results in the Stokes stream function. By comparing
(39) with (17), we see that

o

W = r). (40)

This equation does, in fact, force the continuity equation (16), which can be restated

as
NS

PrE R 0, (41)
to be satisfied identically because the choice of the coordinate system renders the
stream function independent of ¥2. The coordinate X’ is an angle variable, and x'
plays the role of an action variable (Arnol’d 1978; Fountain et al. 2000). Equation
(41) is valid regardless of the vorticity distribution. To see that (41) is satisfied by
(39), substitute (39) into (41), giving

o[ (i) - (20)

which, by (40), is zero. Consequently, the stream function can be found by integrating
(40), as follows:

zp=—/f(xl)dxl. (42)

The following discussion is not restricted to the toroidal coordinate system and
vortex studied thus far. Therefore, quantities in such general discussions will not be
written with overbars. By reasoning similar to that used to derive (15), the general
continuity equation for the steady flow of a variable-density fluid, with v!, v, and v?

non-zero, can be shown to be
o' pv' dg - dp
—+——= — =0. 43
pax’ 2g 0x! v ax! (43)

Grouping terms as done in obtaining (16) reduces the continuity equation to
d

1
p\/g oxi

The continuity equation given in (44), which states that the Lie derivative of the
quantity p /g is zero, is valid for any steady flow in any coordinate system. For
complicated coordinate systems, this form is more convenient than formulations such
as (12). For an incompressible fluid the density, p, in (44) can be omitted. If the flow
is such that quantities do not depend upon, say, x* (condition (i) of §2.2), we can

(p /') =0, (44)
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write (44) as two separate statements:

aza (p/2v*) =0 (x* €M’ (45)
and
S oa) =0 (e (46)

where M?>=1IR3/V. Equation (45) leads immediately to a further generalization of
(39) for compressible flows:

J 3y

B P \/§ IxP
where ¥ : M> —> R is the stream function for any coordinate system parametrizing
M?. Substituting (47) into (45) and expanding, we find that

aaw_aaz/fo
axt \oax2 /)  ax2 \ax! ’

which shows the cancellation of identical terms typically seen in stream function
formulations. The difference here is that the space M? spanned by x! and x? need not
be planar, and the coordinate system need not be linear nor orthogonal. The velocity
component in V need not be zero but must satisfy (46). Equations (45) and (46)
and the stream function in (47) are valid for any flow for which some subspace V,
sufficient to satisfy (46), can be found and divided out of IR?, leaving only the space
M? in which to solve the two-dimensional portion of the problem. When streamline
coordinates are found, condition (ii) of §2.2 is also satisfied, and each term in (44) is
zero individually, as in the case of the present toroidal vortex.
Using the Poisson bracket, given by

_ (% 9 9y 9
L= (8x2 ax!  ox! 8x2>’

(47) can also be written in the form

o

(x* € M?) (47)

f{ .2

with x € M?; ¢ : M? - R,
2.5. Vorticity

It is well known that, in two-dimensional flow, replacing the velocity components
in the vorticity definition (@ =V X v) with derivatives of the stream function results
in the following Poisson equation: = —V?y. While this is true for rectangular and
cylindrical coordinate systems, it is not true for the spherical coordinate system, nor is
it true for the toroidal coordinate system used in this work. The more general relation
can be found by substituting (39) (or (47)) into the following definition of vorticity:

A - glik
o' = E" v j = —(8kav"),j-
J&
The substitution gives
ijk 9 a]aﬁ 9
= (20 @ (48)
/8 9x NG oxB
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To find the vorticity in the third coordinate direction due to motion in the other two,
we let i =3 in (48). This gives

a)3—i KB gzafaﬂa_w 9 gm]“ﬁ% (49)
Sl g oaxf) o\ g oaxf )|

Expanding the indices and noting that J* =0 when a = 8, gives

o = [3 (821 31//) 9 (gzz aw> d <g11 aw>+ i <812 ax/fﬂ
N AW TS Jeaxt) ax? \ g ax?) T ax? \ g ax!
(50)

In rectangular and cylindrical coordinate systems, the right-hand side of (50) reduces
to the two-dimensional Laplacian operator. For example, in the cylindrical coordinate
system (with g2, = R?) (50) becomes

o = —1 9 (8»n oy . 1 9 (gu oy (51)
Vg 0%\ (/g ax! Vg 0%\ (/g 0%*

19 Y 1 3%y

“TROR <R8R>+R2 207" (52)
which is indeed the Poisson equation, V?¢ = —w, in cylindrical coordinates. When
w=0 or w=—2*y, (52) is separable by assuming a product solution, the case
w=—/2y leading to a Bessel equation.

Returning now to the more general equation (48), if we require that the coordinate
system coincide with streamline coordinates, then we obtain (49) for the third
coordinate direction. And since 9v/9x>=0, we can make the limitation B=1 so
that @ =2. The result is

e
_f ax! \ /g dx! 3% \ /g dx! ’

which is valid for steady vortex flows satisfying conditions (i) and (ii) of §2.2,
regardless of the vorticity distribution. Note that when calculating the local vorticity
tensor, the second term on the right-hand side of (53) is non-zero. Recall, however,
that because of its symmetry properties, it integrates to zero when calculating the
circulation (equation (22)). To see this, substitute (53) back into (19) and perform the
integration.

Equation (50) is not separable; however, by the change to streamline coordinates,
(53) is separable. This is because dv//3dx> =0. Rearranging (53) as

3 gzz d*y 1 [0 (& d (8] dy
o = g d(x')? t 7z NG {8x2<\/§> ax! <\/7)} dx! (54)

reveals the form " + P(x')y' = h(x'), where the functions P and % depend on x> as
well as x'.

Summarizing, in streamline coordinates the general form of the function % in the
relation

or

w=2) (55)

_ g’zz d? 1 d (8n d [ 8n d
r=-2 o () - (B)]a >0

18
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If a streamline coordinate system cannot be found, then (48) must be used in place
of (54). By referring to (50), equation (48) can be cast in terms of the symplectic
matrix J*#, as follows:

P JYnjep 9 8py OV

B JE 3xe \ g ax
In complex-lamellar flows, wherein v =0, coordinate systems in which v’ = v'(x/)
with x/ € IR? can be transformed to one wherein ¥ = v'(¥%) with x* € M>=R3/V
and @ € V. In our streamline coordinate system, condition (ii) in § 2.2 is also satisfied

so that (55) is separable. This is because, within the two-dimensional manifold M2,
contours of x? follow an invariant set that is selected by changing x!.

> (o, B,y,n #1). (57)

2.6. Angular momentum
The angular momentum within the vortex is given by
Pi=(X X pv) = g0/ % -
Using (47) to represent v¥, we have

9y

5. = —g... x) JkP
pi = 81,/1( X J axp (58)
Since J*¥ = 0 when k = p, (58) reduces to
_ o 0 .
=L @i, (59

ox®

If p; € V <R3, then « is summed over the two-dimensional quotient space M> =R?/V.
For complex-lamellar flows, V is the one-dimensional subspace containing the vortex
axis of rotation. For the problem at hand, (59) is applied in streamline coordinates
with p; € V; therefore, i =3 in (59):

D3 =—X 1d—l//-

dx!

Therefore, the angular momentum throughout the core of the toroidal vortex is
independent of ¥? and X3, remaining constant during the motion.

(60)

3. Results and discussion

Since x* and %3 are coincident (compare figure 1 and figure 2), the vorticity tensors
in the spherical and toroidal coordinate systems are both directed along the same
curves. In fact, by the same reasoning used to obtain (3), the physical component of
vorticity in the core of the vortex ring is

&(3) = \/gnd' = R&’

which is the same as the relation found for Hill’s spherical vortex. The quantity R in
both cases is the distance from the axis of symmetry.

The cross-section area of the core of Hill’s spherical vortex differs from the cross-
section area of the sphere itself by a factor of 2. Therefore, the ratio of the radius of
the sphere to the mean core radius of the spherical vortex is \/§ For a vortex ring of
elliptical cross-section, the core area is wab. Therefore, its mean core radius, &, is

_ _ a _(Ro—Ry) |a
£ =ab = (b)”‘ 2 \/;
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R/R

Axial distance, z/RC; velocity, v/vo

RIR. 11

Vorticity (s™)

FiGgure 3. Toroidal vortex with vp = 1, axis ratio a/b = 1.5, Ro/Rc = 1.576, « = 0.706, offset
k =0, and I'/T'yin = 1.0. (a) Velocity magnitude through the vortex centre for the present
vortex ring (solid curve) and for Hill’s spherical vortex (dashed curve), (b) physical vorticity
profile through centre.

The parameter, « =&/R¢, by which Norbury (1973) defined a family of vortex rings
with constant @(3)/R can be defined for vortex rings with elliptical cross-sections as

(Ro —Ry)
= \f (61)

where Ro, Rc, and R; are the distances from the axis of symmetry to the outer radius,
the centre, and the inner radius, respectively. The latter also corresponds to the radius
of the central jet penetrating the vortex ring. Gharib et al. (1998) show clearly this
separation of the vortex region from the jet-like region along the axis of symmetry.
The velocity magnitude within the core of the vortex ring is found by substituting
(36) for v° into (32). Figures 3-5 show comparisons of the velocity profile through
the vortex centre as a function of R/Rc, the dimensionless distance from the axis
of symmetry. In all three cases, the shift constant, k, was chosen so as to eliminate
any discontinuity in the vorticity profile. Figure 3 shows the velocity profile for the
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RIR (@)

R/R¢

Vorticity (s

FIGURE 4. Toroidal vortex with vp = 1.0, axis ratio a/b = 1.5, Ro/Rc = 1.381, a = 0.466,
offset k =0, and I' /I = 0.5. (a) Velocity magnitude through the vortex centre, (b) physical
vorticity profile through centre.

toroidal vortex ring and for Hill’s spherical vortex having equal outer radii, Ry, outer
velocities, vp, and circulation. Unlike Hill’s spherical vortex, however, this requires
that & < /2 and v; /v, > 1 for the vortex ring. This is due to the topological difference
between the vortex ring and the spherical vortex. The possibility that the central jet
velocity becomes large is purely the result of a constricted reverse flow area as
R; — 0. Hill’s spherical vortex also has an infinite increase in velocity along the axis
of symmetry, but it is of a less apparent nature. The flow on the bounding streamline
in the spherical vortex increases from a velocity of zero at the rear stagnation point
to a finite value as it passes through the constriction during its reversal. In fact, the
forward and rear stagnation points in Hill’s spherical vortex are a direct result of the
boundedness of the velocity that is assumed in obtaining its solution (see §1). The
vortex ring does not have such a point of zero velocity anywhere on its boundary,
and this allows it to attain large velocities as the reverse flow area decreases when R;
becomes small. Note from figure 4 and figure 5 that for a given vortex outer radius,
the circulation of the vortex ring can be either smaller or larger than that of Hill’s
spherical vortex.

As mentioned earlier, the velocities at the inner and outer radii on the vortex ring
are equal in the case of Hill’s spherical vortex. As seen from the above figures, this
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(a)
RIR:
1 4
— = mr— e — = — —-—— === === === == === t—-—
-1 0 1 2 3
Axial distance, z/R -; velocity, v/vy

(@]

RIRc 1 +

Vorticity (s

FIGURE 5. Toroidal vortex with wv;/vp=5.523, axis ratio a/b=1.5, Rop/Rc=1.693,
R;/Rc=0.307, « =0.849, offset k=0, and I'/I'yyy = 1.5, (a) Velocity magnitude through the
vortex centre, (b) physical vorticity profile through centre.

need not be true for a toroidal vortex ring. A simple relation can be given for this
velocity ratio. From (32), the velocity magnitudes at the outer and inner radii of the
toroidal vortex ring are, respectively,

v =av’ (X}, 1/2). (62)

max:?
From (36), the velocity at any point on the perimeter is, in the elliptical coordinate
system,
Vo RO B(l — k)

8 (¥hnax: 0)
where the subscript P denotes ‘perimeter’. To obtain the physical velocity magnitude
at the outer and inner radii, substitute (63) into (62) and evaluate at the points
(xL.., £71/2), respectively. The result is

v _ Ro(1—k)

Vo R] (1 + k) ’

(63)

-2
Up =
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where v; is the velocity at the inner radius. Using (5) and the fact that (Rp — R;)=2b
gives

v _ Ro(Ro—Rc)

vo Ry (Re —R;)’
While the velocity field generally depends upon the axis ratio of the vortex ring, (64)
indicates that the ratio v;/vo does not. If fact, the effect of vortex axis ratio on the
entire velocity profile along the centreline is minimal. If all streamlines are concentric
with centres located by k =0, then (64) simplifies to

(64)

Uy RO
_ Ko 65
o " R, (65)

3.1. Momentum
The governing momentum equation is

1
7PV v) —p(v X @) =—Vp+ uvv.

Shariff & Leonard (1992) noted that in steady planar vortices, nonlinear terms
balance each other over a large portion of their cores, implying an inviscid vortex
structure. They then pointed out, however, that for laminar vortex rings, it is difficult
to determine the degree to which such a balance is achieved. In order to study this
question further, we write the momentum equation in an alternative form by taking
its curl:

v'Vo =w- Vv +1V’o. (66)
In index notation, (66) is

val, = c?)jf)fj + V(E"’k@fk),p. (67)
For the vortex ring studied herein, the middle term in (67), often referred to as the
vortex stretching term, is zero. To see this, note that the only non-zero component of
vorticity is @*; therefore, j =3 in (67). Since ¥’ is independent of x°, the term is zero.

Therefore, the momentum equation reduces to

(68)

ve’, = v(g"aY) -
A solution for the case when the vorticity tensor is constant along any given streamline,
as it is for steady planar inviscid vortex structures, would be very appealing since this
would yield the simplification @°, =0 in (68). However, the monotonic decrease in the
vorticity magnitude with distance from the symmetry axis, as depicted in figures 3-5
(the vorticity tensor itself decreases even more sharply), indicates that, at least for
the present vortex ring, @°, # 0. Therefore, the viscous term in (68) must also be
non-zero.

The left-hand side of (68) expands as follows:

AD®
=2-3 =2 3 —m
Vw,=70 <—x + I, 0" ).

The only non-zero component of the vorticity tensor is @

Consequently,
0o’ 1 3833
0y ==+ — 2@ ). 69
@2 (8)?2 + 28y 052 (69)

3. therefore, m =3.
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Note that the right-hand side of (69) can be grouped as follows:
-3 3
w,2 \/— axz( g3 @ )

This is simply the derivative of the physical component of vorticity in the 03-direction

divided by ,/gs3. Substituting (54) into (70) and consolidating in index notation gives

Jr 9 g3 0 (8
-3 o /
= — =— . 71
60,2 \/gaiz |: f axﬂ (\/§W ( )
Note the relationship between (71) and (57), particularly when n=1 so that y =2.
In order to look for an inviscid solution, we would set (70) equal to zero (according
to (68)) and perform the integration, from which we would find that the physical
component of vorticity must remain constant along any streamline.

(70)

4. Invariants
4.1. Kinetic energy
The kinetic energy of a stationary vortex ring with large elliptical cross-section is

E—lp/vzvfdv

max 2t p2n
= —,0/ / / 800’0’ fg dx’ dx® dx!
0 0 0
xllnax 2n
znp/ gzzf)zf)z\/?dizdil.
0 0

4.2. Impulse
The impulse is given by

I =

p/(Rxw)\/édv

/m“/zn/anwB)\/_dx dx?dx!

de 211
,0/ / R g335)3\/§df2df1
Oir'mx 027:
znp/ / RR@3+/zd¥*dx'.
0 0

4.3. Circulation

NI*—‘

MI»—

The circulation can be found from (25):
r —CL)AS;(
Cmax = Tab(Ro + R;)/2. By combining this value with

max)

) = TAB?(x]

where S;(x! L)

max

(35), we have

8UORO(RO - RC)[ ( mdx) + Q( max)] TCab(RO + RI)
a’*B2(R% — R3?) 2
4mx mdeORO(RO - RC)[ ( mdx) + Q( de)]

I = aB(Ry —R)) . (72)
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FIGURE 6. Geometrical parameters of a family of vortex rings with Rc =0.025m, k=0,
I=0.038Ns, E/I"=0.104, p=1000kgm>.

4.4. Examples

The method of non-dimensionalizing the invariants depends upon the way in which
the vortex ring is generated. For a vortex ring generated by an axisymmetric jet in a
quiescent fluid, Mohseni & Gharib (1998) show two methods for non-dimensionalizing
the kinetic energy and the circulation. The first method involves Norbury’s mean core
radius, o:

_ E . r

" (wa)?RY’

=
where w is the constant vorticity tensor in spherical coordinates. The second method
uses combinations of the invariants, as follows:

E no__ T
/—pIF?” nd ]1/3U]23/3‘

The dimensionless kinetic energy above is essentially the same as that used by Gharib
et al. (1998) and by Mohseni, Ran & Colonius (2001).

For vortex rings that form in axisymmetric wake flows, the following formulae have
been used to non-dimensionalize the invariants (see e.g. Johari & Stein 2002):

r E 1

F = —, = —F, I = —,
YD v pvZ D3 Y ov,.D3

En —
waR%:’

End =

where v, is the free-stream velocity and D is the diameter of the axisymmetric body.
The subscript W signifies that the vortex ring is formed by a wake.

Figure 6 shows various geometrical parameters of a family of vortex rings with
common values of Rc, k, I, and E/I" but with varying axis ratio. The integrations for
the kinetic energy and the impulse were performed numerically using the Composite
Simpson’s method. Figure 7 shows a family of vortex rings with the axis ratio held
fixed at a/b=1.5 and the vortex centre, Rc, allowed to vary. Figure 8 shows the
vortex geometry and corresponding velocity magnitude at z=0 for a vortex ring
roughly comparable to one studied by Gharib et al. (1998).
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FIGURE 7. Family of vortex rings with / =0.038 N's, E/I" =0.104, p =1000kgm—3, a/b=1.5,
and k=0.
RIRq
C
..... I_._._._._-—._._._._1_._._._._{_._._._._r—._._.
-1 0 1 2 3

Axial distance, z/R; velocity, v/vg

FIGURE 8. Vortex rings and velocity profile with vp=0.04ms™!, R¢c=0.027m, a/b=1.7,
a=0.7295, ' =80cm*s~!, E=0.0082J, I =0.021Ns, I,;~0.112, E,; =2.47, [y =0.0594,
Ey=0.0166, Iy =0.215, I'y ~3.7, Ew ~33, Iy ~3.4, p=1000kgm—>. Assumptions: piston
velocity Up ~ vy ; free-stream velocity v, ® vg.

5. Application to the Strouhal number

The vortex shedding period in unsteady wake flows is related to the period of
the time-mean toroidal vortex resulting from conditional sampling over one shedding
cycle. The period of the time-mean vortex can be determined by integrating (36), as

follows:
_ 0\ e [P(FLa) + O(Fha)
‘[d’“ ”ORoB“"‘)< mdx) o [P(2) £ OG)] /dt

x! )3 ¢ [P(Fhi) + Q(ha)]

x! Cmax [P(x1)+ Q(xl)]

max
Since the shedding frequency, fs, is related to the period of the time-mean vortex by
fs=m/T, where m is the number of vortices shed downstream per shedding cycle,

R(2Re — 35 BR) = Yo R =0 (

xX'A
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FIGURE 9. Strouhal number defined by (75) versus radial distance from axis of symmetry at
z=0 for the vortex rings in figures 3, 4 and 5 (m=1).

we have
mvoRy X! P(xl ) —c(xl,,
fS — oo - 5 [ ( a_l) (_1 a )] (73)
2nARc ('xrlnax) [P(x1) —c(x1)]
Here some simplification has been gained by assuming k& = 0.
A Strouhal number can be defined by
5, — J5(Ro = Re) _ mRo(Ro —Re) (X \ [P(Thwr) —c(lmar)] (7
o vo 2naRc Xl [P(x") — c(x))]

Notice that the Strouhal number is independent of the direction, X2, and should,
therefore, remain constant along streamlines within the core. It varies in the x!-
direction and can be evaluated at the axial station coincident with the vortex centre
by letting x> = +n/2. Along the line ¥*> = /2 the coordinate x' is given by

—_1 b (R B RC)

=2 TR 2y
B (Ro — Rc) ( /2
and when x?> = —m/2:

_b (R =R,
B (Rc — R;) @ m/2)

Simplifying, (74) becomes

_ fs(Ro—Rc) _ mRo|R = Re| [P (Fhax) = ¢(Finar) ]
- Vo ~ 2maRe [P(x!) — c(x1)]

So (75)
Values of this Strouhal number at z = 0 are shown in figure 9 for the vortex rings
shown in figures 3, 4, and 5. The Strouhal number defined by (75) is related to the
classical definition (St = f;D/v,,) as follows:

D
st =22

v, (Ro—Ro)’ (76)
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The grouping defined by (75) may be of use in vortex shedding studies of axisymmetric
flows.

A Strouhal number can also be formulated in terms of properties at the inner
radius rather than the outer radius. From (65) we know that vpo Rp = v; R;; therefore,
these quantities can be interchanged in (73), giving

_ 2'fSRI . mRﬂR B RC| [P(')Erlnax) _c(irlnax)]
~ v maRc(Ro —Rc)  [P(ERY) — (&)

This grouping would correspond roughly to fsD/v,;, where D is the jet diameter and
v, 1s the jet velocity.

S

(77)

6. Conclusion

Hill’s vortex was discussed and shown to be a spherical region of uniform vorticity.
An explicit algebraic expression was found for the velocity field within a steady,
toroidal vortex with large elliptical cross-section. The vorticity decreases monotonically
with distance from the symmetry axis. As the inner radius of the torus approaches
zero, the velocity of the central jet increases without bound due to the infinitely
small flow area available for the reverse flow. This does not occur in the spherical
vortex because the bounding streamline contains two points of zero velocity, namely
the forward and rear stagnation points. The toroidal vortex appears to be more
suitable for modelling centrally driven (jet) flows, whereas the spherical vortex may
be more suitable for modelling externally driven (wake) flows. A general formulation
for the stream function is presented that satisfies the continuity equation in coordinate
systems for which a certain statement (equation (46)) can be made about the flow in
one of the coordinate directions. A Strouhal number formulation is presented based
on the solution for the velocity field within the time-mean vortex ring.

REFERENCES

ARNOLD, V. 1. 1978 Mathematical Methods of Classical Mechanics. Springer.

BerEZOVsKIL, A. A. & Kapranskir, F. B. 1987 Diffusion of a ring vortex. Fluid Dyn. 22, 832-837.

DippEN, N. 1979 On the formation of vortex rings: rolling-up and production of circulation.
Z. Angew. Math. Phys. 30, 101-116.

FounTalN, G. O., KHAKHAR, D. V., MEzIC, 1. & OtTiNo, J. M. 2000 Chaotic mixing in a bounded
three-dimensional flow. J. Fluid Mech. 417, 265-301.

FRAENKEL, L. E. 1970 On steady vortex rings of small cross-section in an ideal fluid. Proc. R. Soc.
Lond. A 316, 29-62.

FrRAENKEL, L. E. 1972 Examples of steady vortex rings of small cross-section in an ideal fluid.
J. Fluid Mech. 51, 119-135.

Fukumoro, Y. & MorratT, H. K. 2000 Motion and expansion of a viscous vortex ring. Part 1. A
higher-order asymptotic formula for the velocity. J. Fluid Mech. 417, 1-45.

GHARIB, M., RamBoD, E. & SHARIFF, K. 1998 A universal time scale for vortex ring formation.
J. Fluid Mech. 360, 121-140.

Hirr, M. J. M. 1894 On a spherical vortex. Phil. Trans. R. Soc. Lond. A 185, 213-245.

Hunr, J. C. R. & EaMEs, 1. 2002 The disappearance of laminar and turbulent wakes in complex
flows. J. Fluid Mech. 457, 111-132.

Jonary, H. & StEIN, K. 2002 Near wake of an impulsively started disk. Phys. Fluids 14, 3459-3474.

KELVIN, LORD 1869 On vortex motion. Trans. R. Soc. Edinb. 25, 217-261.

Lawms, H. 1932 Hydrodynamics. Dover. NY (reprinted by Cambridge University Press, 1993).

LICHTENSTEIN, L. 1925 Uber einige Existenzprobleme der Hydrodynamik homogener,
unzusammendriickbarer, reibungsloser Fliissigkeiten und die Helmholtzschen Wirbelsitze.
Mathematische Z. 23, 89-154, 310-316.



Velocity field within a vortex ring with a large elliptical cross-section 271

MAGARVEY, R. H. & MacLatcHy, C. S. 1964 The formation and structure of vortex rings. Can. J.
Phys. 42, 678—683.

MARUHN, K. 1957 Uber die Existenz stationdrer Bewegungen von Wirbelringen. Proc. 9th Intl
Congress Appl. Mech. Brussels, 1957, vol. 1, p. 173. University of Brussels.

MaXWELL, J. C. 1891 A Treatise on Electricity and Magnetism, vol. 2, 3rd Edn. Clarendon
(republished by Dover, 1954).

MILNE-THOMSON, L. M. 1968 Theoretical Hydrodynamics, Sth edn. Dover.

Monsen], K. 2001 Statistical equilibrium theory for axisymmetric flows: Kelvin’s variational
principle and an explanation for the vortex ring pinch-off process. Phys. Fluids 13, 1924—
1931.

MoHsEeNI, K. & GHARIB, M. 1998 A model for universal time scale of vortex ring formation. Phys.
Fluids 10, 2436-2438.

Momnsen], K., Ran, H. & Coronius, T. 2001 Numerical experiments on vortex ring formation.
J. Fluid Mech. 430, 267-282.

MorTON, T. S. 1997 Application of an elliptical vortex solution to a new universal Strouhal number
and a scalar invariant for drag prediction. PhD Dissertation, Brigham Young University.

NORBURY, J. 1972 A steady vortex ring close to Hill’s spherical vortex. Proc. Camb. Phil. Soc. 72,
253-284.

NORBURY, J. 1973 A family of steady vortex rings. J. Fluid Mech. 57, 417-431.

OBER, C. C, LaMB, J. P. & KIEHNE, T. M. 1995 Aerodynamics of a body immersed in a supersonic
wake: a computational study. J. Spacecraft Rockets 32, 938-943.

O’BrIEN, V. 1961 Steady spheroidal vortices — More exact solutions to the Navier-Stokes equation.
Q. Appl. Maths 19, 163-168.

PANTON, R. 1984 Incompressible Flow. Wiley.

SareMaN, P. G. 1970 The velocity of viscous vortex rings. Stud. Appl. Maths 49, 371-380.

SAFFMAN, P. G. 1992 Vortex Dynamics. Cambridge University Press.

SHARIFF, K. & LEONARD, A. 1992 Vortex rings. Annu. Rev. Fluid Mech. 24, 235-279.

SOUTHERLAND, K. B., PORTER, J. R. III, DanMm, W. J. A. & Buch, K. A. 1991 An experimental study
of the molecular mixing process in an axisymmetric laminar vortex ring. Phys. Fluids A 3,
1385-1392.

VAN DYKE, M. 1982 An Album of Fluid Motion. The Parabolic Press, Stanford, CA.

YARMITSKIL, A. G. 1975 Three-dimensional analog of a vortical Chaplygin column (A generalized
Hill vortex). J. Appl. Mech. Tech. Phys. 15, 698-702.



